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The CPN−1 sigma model at finite temperature is studied using lattice Monte Carlo simulations
on S1s × S1τ with radii Ls and Lτ , respectively, where the ratio of the circumferences is taken to be
sufficiently large (Ls/Lτ  1) to simulate the model on R×S1. We show that the expectation value
of the Polyakov loop undergoes a deconfinement crossover as Lτ is decreased, where the peak of the
associated susceptibility gets sharper for larger N . We find that the global PSU(N)=SU(N)/ZN
symmetry remains unbroken at “quantum” and “classical” levels for the small and large Lτ , re-
spectively: in the small Lτ region for finite N , the order parameter fluctuates extensively with its
expectation value consistent with zero after taking an ensemble average, while in the large Lτ region
the order parameter remains small with little fluctuations. We also calculate the thermal entropy
and find that the degrees of freedom in the small Lτ regime are consistent with N − 1 free complex
scalar fields, thereby indicating a good agreement with the prediction from the large-N study for
small Lτ .
Introduction: The CPN−1 sigma model [1–4] is
known to show up in various aspects of physics. Orig-
inally, the CPN−1 model in two dimensions is regarded
as a toy model of QCD, since they share various com-
mon properties such as asymptotic freedom, confinement
and generation of a mass gap. Recently, connections be-
tween two dimensional CPN−1 models and four dimen-
sional gauge theories have been established: it appears
as the low-energy effective theory on a non-Abelian vor-
tex in the non-Abelian gauge-Higgs model [5–11] as well
as dense QCD [12–15], on a long string of Yang-Mills
theory [16], and of an appropriately compactified Yang-
Mills theory [17]. In condensed-matter physics, the CP 1
model plays an essential role in the research on the low-
energy behavior of anti-ferromagnetic spin chains and
their extensions [18], and describes quantum phase tran-
sition known as deconfined criticality [19, 20], while the
CPN−1 model appears as an SU(N) spin chain [21] and
also can be realized in ultracold atomic gases [22, 23].
Theoretically, non-perturbative properties of the
CPN−1 model have been studied both analytically by
the gap equations with the large-N (mean field) ap-
proximation [2–4] and by lattice simulations mainly on
topological aspects of the model defined on R2 [24–32].
These analyses are consistent with the Coleman-Mermin-
Wagner (CMW) theorem [33, 34] forbidding spontaneous
breaking of a continuous symmetry in two dimensions,
while perturbative analyses are not. Recently, the large-
N analyses have been extensively applied to the CPN−1
model at finite temperature, or equivalently the model
defined on R×S1 with the periodic boundary conditions
(pbc) [35, 36] (see also the earlier works [37, 38]). How-
ever, these studies do not reach a consensus for physics
at high temperature (or at small compactification radius)
[35, 36, 39, 40] (see also [41–44]) including an analogous
case of the model defined on a finite interval [40, 45–52],
while all studies agree that the physics at low tempera-
ture (or at large radius) recovers the CMW theorem. The
questions can be summarized as follows: (i) How the or-
der parameter is defined and how its expectation value
depends on the compactification period Lτ . (ii) How
the global PSU(N)=SU(N)/ZN symmetry is realized for
finite N . One may naively expect the global symme-
try to be broken in the deconfinement phase, where field
variables are ordered. It was suggested that the global
symmetry is broken in the “deconfinement” phase in the
large-N limit [35, 36]. On the other hand, the CMW the-
orem forbids the continuous symmetry breaking at least
in finite N . (iii) How the high temperature behavior
changes for finite N . In the large-N limit, an explicit
high temperature behavior of the free energy was calcu-
lated [35].
In this Letter, we investigate the CPN−1 model at fi-
nite temperature by the lattice Monte Carlo simulation
to solve the above mentioned questions. We also calcu-
late the Polyakov loop expectation value, its susceptibil-
ity and the thermal entropy. Our results can be summa-
rized as follows: (1) We adopt the absolute value of the
expectation value of the Polyakov loop as a confinement-
deconfinement order parameter. We find that its Lτ de-
pendence exhibits a crossover behavior and the peak of
its susceptibility gets sharper with N increases, implying
a possibility of the phase transition in the large-N limit
[35]. (2) We find that the global PSU(N)=SU(N)/ZN
symmetry remains unbroken at “quantum” and “classi-
cal” levels for the small and large Lτ , respectively. (3)
We calculate the thermal entropy in the small Lτ regime,
where the weak-coupling expansion is valid. We show
ar
X
iv
:1
90
7.
06
92
5v
2 
 [h
ep
-th
]  
1 A
ug
 20
19
2that the result coincides with that for N − 1 free com-
plex scalar fields, which is in good agreement with the
analytical prediction [35] based on the free energy in the
large-N limit.
Model and Lattice setup: The continuum bare
action of the CPN−1 = SU(N)/(SU(N − 1) × U(1))
sigma models (without the topological θ-term) is S =
1
2g2
∫
d2x|Dµφ|2 with |φ|2 = 1, Dµφ = (∂µ+iAµ)φ. Here,
φ = (φ1, · · · , φN ) is an N -component complex scalar
field, and Aµ is an auxiliary U(1) gauge field defined as
Aµ ≡ i2 φ¯ ·
↔
∂ µφ. This model has a PSU(N)=SU(N)/ZN
global symmetry, where the ZN center is removed since it
coincides with a subgroup of U(1) gauge symmetry and
is redundant.
On the lattice, the action is expressed as [24–27, 30]
S = Nβ
∑
n,µ
(
2− φ¯n+µ · φn λn,µ − φ¯n · φn+µλ¯n,µ
)
, (1)
where φn is an N -component complex scalar field satis-
fying ¯φrelationisone− to− onen · φn = 1 and λn,µ is a
link variable corresponding to the auxiliary U(1) gauge
field (λn,µ = e
iAµ(n)). Here, n = (nx, nτ ) labels the sites
on the lattice and (nx, nτ ) run as nx = 1, · · · , Ns and
nτ = 1, · · · , Nτ , respectively. We also note that Nβ cor-
responds to the inverse of the bare coupling 1g2 . The
advantage of this expression is that the fields can be up-
dated locally in Monte Carlo simulation. We here adopt
the over-heat-bath algorithm [25] to update the fields.
The spacetime geometry on the lattice is T2 = S1s×S1τ ,
where S1s and S
1
τ have the circumferences Ls = Nsa and
Lτ = Nτa, respectively. According to the renormal-
ization group, the following relation between the lattice
parameter β and the lattice spacing a holds ΛMS a =
(2piβ)
2
N e−2piβ , where ΛMS is defined as a scale at which
the renormalized coupling in the MS scheme diverges.
The lattice Λ scale Λlat depends on the explicit form of
the lattice action. Comparing ΛMS in Ref. [25] and Λlat
for Eq.(1), we find
Λlat a =
1√
32
(2piβ)
2
N e−2piβ−
pi
2N . (2)
It gives a for a given β for each N with Λlat as a reference
scale. This relation is valid for β & 1/(piN), which is
comfortably satisfied in this work.
We confirm that the action density 〈E〉 = 〈2− φ¯n+µ ·
φnλn,µ − φ¯n · φn+µλ¯n,µ〉 in our numerical calculations is
consistent with the results based on the strong-coupling
expansion 〈E〉 ≈ 2(1 − β) for low β (β . 0.4), while it
agrees with the result based on weak-coupling expansion
〈E〉 ≈ 1/(2β) for high β (2.0 . β).
By setting Ls  Lτ , we can approximately simulate
the model on R× S1, where the compactified circumfer-
ence Lτ is interpreted as an inverse temperature 1/T . We
will mainly use Lτ in this Letter, where the smaller Lτ
(the higher β with fixed Nτ ) corresponds to the higher T .
The lattice size in this work is mainly (Ns, Nτ ) = (200, 8).
We also vary Ns between 40 and 200 to look into the
finite-volume effects. It is notable that the Ns → ∞
limit corresponds to a thermodynamic limit, where the
model is defined on R×S1 and the genuine phase transi-
tion can occur. We adopt parameters as N = 3, 5, 10, 20
and 0.1 ≤ β ≤ 3.9.
Deconfinement and Polyakov loop: The ground
state expectation value of the Wilson loop W (C) =
P exp(i ∮C A) is expected to exhibit the exponential area
law and perimeter law for a large rectangle with space Rˆ
and Euclidean time Tˆ
〈W (C)〉 = Ce−σRˆTˆ−ρ(Rˆ+Tˆ ) , (3)
with the Abelian string tension σ ≥ 0, a constant ρ ≥ 0
of the perimeter term, and a constant C. The confine-
ment of electrically charged particles is defined by the
nonvanishing σ. Actually, on lattice simulation with a
large Ns = Nτ , the value of the string tension can be
calculated by the large Wilson loop [25]. If we compact-
ify the spacetime as τ ∼ τ + Lτ and impose the PBC,
the Wilson loop becomes a correlator of Polyakov loops,
P (x) ≡ P exp(i ∫ Lτ
0
dτAτ )x at x ,
〈W (C)〉 = 〈P (Rˆ)P †(0)〉. (4)
Since the Wilson loop (3) satisfies the clustering property
〈P (Rˆ)P †(0)〉 → |〈P 〉|2 in Rˆ→∞, the confinement σ 6= 0
necessitates the vanishing Polyakov loop 〈P 〉 = 0. The
ground state expectation value of the Polyakov loop 〈P 〉
is a better observable for the confinement-deconfinement
transition in the Lτ  Ls system, where taking the large
Euclidean time is technically difficult. This situation
is parallel to four-dimensional QCD with fundamental
quarks.
On the lattice, the Polyakov loop is expressed as the
product of the link variable,
P ≡ 1
Ns
∑
nx
∏
nτ
λn,τ . (5)
The results for |〈P 〉| as a function of β forN = 3, 5, 10, 20
are summarized in the left panel of Fig. 1. Here, the
lattice parameters are fixed by (Ns, Nτ ) = (200, 8). It
clearly shows |〈P 〉| ≈ 0 for low β (large Lτ ) and |〈P 〉| 6= 0
for high β (small Lτ ). For intermediate β, the value
of |〈P 〉| gradually increases especially for small N , as is
consistent with a crossover behavior.
The corresponding susceptibility of 〈|P |〉 has a peak,
and then we define the critical length (or the critical
inverse temperature) for each N from the peak posi-
tion of β. We also investigate the heat capacity, Cv =
(E − 〈E〉)2N2τ , where E denotes the action density. The
heat capacity for each N has the peak at the same value
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FIG. 1. (Left) The absolute value of expectation value of
Polyakov loop |〈P 〉| as a function of β (Right) The volume
dependences of the maximal peak height of the Polyakov
loop susceptibility for each N by varying Ns as Ns =
40, 80, 120, 160, 200 with Nτ = 8.
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FIG. 2. The susceptibility of the expectation value of abso-
lute value of Polyakov loop 〈|P |〉 as a function of Lc/Lτ for
N = 3, 5, 10, 20 with (Ns, Nτ )=(200, 8).
of β with the one for the susceptibility of 〈|P |〉.
To see the strength of the transition more clearly, we
also investigate the volume dependence of the peak value
of the Polyakov loop susceptibility, χ〈|P |〉 = V (〈|P |2〉 −
〈|P |〉2), by varying Ns as Ns = 40, 80, 120, 160, 200 with
Nτ = 8 fixed. We study the scaling with respect to vol-
ume, V = Ns. We fit the four data points with the large
volume, Ns = 80–200, by a function χ〈|P |〉,max = a+cV p
as shown in the right panel of Fig. 1. The best fit val-
ues of the exponent are p = 0.056(7), 0.058(7), 0.052(7),
and 0.043(8) for N = 3, 5, 10, and 20, respectively. Since
it is known that p = 1 indicates the first-order tran-
sition while 0 < p < 1 indicates the second-order or
crossover transitions [53], this result supports our argu-
ment that the order of the transition is crossover for finite
N . Furthermore, all results of the exponent are consis-
tent with each other within 2–σ statistical error, so that
we conclude that there is no clear N -dependence for the
strength of the transition in these finite N analyses.
On the other hand, in the large-N limit, we first take
the large-N limit with a finite Lτ . To explore the N
dependence of the strength of the transition at a finite
fixed-volume, the susceptibility of 〈|P |〉 as a function of a
linear scale of 1/Lτ is shown in Fig. 2. Here, the critical
length (Lc) for each N is defined from the peak position
of β with fixed (Ns, Nτ )=(200, 8) simulations, and β is
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FIG. 3. P ii (i = 1, 2, 3) with N = 3 for β = 0.1 (confinement)
(left) and β = 3.9 (deconfinement) (right) are shown. The
horizontal axis stands for the label number of configurations
and we pick up one per 5000 sweeps.
translated into the length Lτ = Nτa via Eq. (2). The N
dependence of the susceptibility indicates that the peak
is quite broad for small N but it gets sharper as N in-
creases. This result suggests that the order of transition
is crossover for finite N while it is possibly transformed
into a phase transition in the large-N limit as conjectured
in Ref. [35].
Global PSU(N) symmetry: It was claimed in
Ref. [35] that the deconfinement phase transition is asso-
ciated with the PSU(N) symmetry breaking in the large-
N analysis while, at finite N , the PSU(N) global symme-
try is never broken in two-dimensions even at finite tem-
perature because of the CMW theorem. Now, we found
the confinement and deconfinement phases even for finite
N , then the questions arise: whether the PSU(N) sym-
metry exists in the deconfinement phase and, it it exists,
how the symmetry is realized in the phase.
To look into this property, we calculate the following
N ×N matrix quantity,
P ij ≡
∑
n
φ¯iφj(n)− 1
N
δij , i, j = 1, ..., N (6)
whose expectation value serves as an order parameter of
the PSU(N) symmetry in the CPN−1 model. The dis-
tributions of the diagonal components P ii (i = 1, 2, 3)
with N = 3 for the confinement phase (β = 0.1) and the
deconfinement phase (β = 3.9) are presented in Fig. 3.
The horizontal axis stands for the label number of con-
figurations, where we pick up one configuration per 5000
sweeps. In the confinement phase, the values of |P ii|
are relatively small for all the configurations and lead
to 〈P ii〉 ≈ 0 as 〈P 11〉 = −2.80(5808) × 10−5, 〈P 22〉 =
3.31(553) × 10−4, 〈P 33〉 = −3.03(589) × 10−4. On the
other hand, in the deconfinement phase, the values of
P ii for some of configurations are far from zero and are
distributed broadly. The expectation values for this case
is, however, still consistent with zero, where 〈P 11〉 =
−8.22 × 10−4, 〈P 22〉 = 1.48 × 10−6, 〈P 33〉 = 8.21 × 10−4
with O(10−2) statistical errors. We can phrase that
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FIG. 4. Thermal entropy density for single φ (s/(NT ) =
N2τ 〈Txx − Tττ 〉/N) for N = 3, 5, 10, 20. The dotted line de-
notes the large-N results in small Lτ regime, 2pi/3.
PSU(N) symmetry is realized at a “quantum level” in
the deconfined phase , in contrast to the confinement
phase in which it is realized at a “classical level.” The
word “quantum” is to emphasize P ii vanishes only after
taking ensemble average while the field variables on each
configuration are ordered. We carry out the similar anal-
yses also for N = 5, 10, 20 and find no sign of the PSU(N)
symmetry breaking although the fluctuation seems to get
larger with N . It is still an open question whether or not
this global symmetry is broken in the large-N limit.
Thermal entropy density: Now, we numerically
find all N components of φi are equivalent even in the de-
confinement phase, but actual degrees of freedom must
be N − 1 due to one constraint, |φ|2 = 1. To show it
manifestly, let us study the thermal entropy density (s),
which counts the degrees of freedom of the system, in the
deconfinement phase.
In the finite temperature (quenched) QCD, the ther-
mal entropy has been calculated by two independent
ways; from the energy-momentum tensor (EMT) and the
free energy. It has been confirmed that these approaches
give consistent results [57]. We first focus on the EMT
followed by the free energy. We define the following quan-
tities as a lattice EMT:
Tττ = 2Nβ(2− φ¯n+τ · φnλn,τ − φ¯n · φn+τ λ¯n,τ )
−(trace part). (7)
Txx can be defined as well. The vacuum expectation
value of the trace part is subtracted, in a manner parallel
to the lattice EMT for the O(N) sigma model [58, 59].
Here, we use the bare coupling constant instead of cal-
culating the renormalized EMT, since it is a good ap-
proximation in the weak coupling regime. The thermal
entropy density is given by Txx−Tττ = sT with T ≡ 1/Lτ
in the thermodynamic limit, where the divergent part of
the EMT is cancelled between the two terms.
The results of the thermal entropy density for sin-
gle scalar field for N = 3, 5, 10, 20 as a function of
β are shown in Fig. 4. The thermal entropy den-
sity becomes non-zero around a certain β correspond-
ing to Lc and monotonically grows up in the decon-
finement phase. For high-β regions, the β dependence
gets gentler for each N , where we fit them by a func-
tion g(β) = a + b/β between 3.0 ≤ β ≤ 3.9. The
best fit values of a are aN=3 = 1.418(27), aN=5 =
1.681(26), aN=10 = 1.889(29), aN=20 = 2.024(30). We
then find that the values in the β →∞ limit are consis-
tent with 2pi(N − 1)/(3N).
On the other hand, the free energy density for a free
massive complex scalar field in the finite temperature
(T = 1/Lτ ) is given by
f =
1
LsLτ
∞∑
n=−∞
log 4 sinh2
ωnLτ
2
− f0 (8)
from the analytical calculation (see Appendix. A). Here,
ω2n =
(
2pin
Ls
)2
+ m2 and f0 denotes the counter term
which cancels the UV divergence. Then, the thermal en-
tropy density in the massless and thermodynamic limit
(Ls → ∞) is given by s/T = − 1T ∂f∂T = 2pi3 for a sin-
gle complex scalar field. Our numerical results indicate
that the actual degree of freedom of the CPN−1 model is
(N − 1) massless free complex scalar fields in the decon-
finement phase. Furthermore, the large-N limit of our
results is consistent with the prediction calculated from
the free energy for the large-N limit in small Lτ regime,
f = − Npi3L2τ [35, 54–56] using similar calculations.
Summary and Discussion: In this Letter, we have
reported the results on the non-perturbative aspects of
the CPN−1 model on S1(large) × S1(small): We have
found a confinement-deconfinement crossover by calcu-
lating the Lτ dependence of the expectation value of
the Polyakov-loop, where the peaks of its susceptibility
get shaper as N increases. We have clearly shown that
the global PSU(N)=SU(N)/ZN symmetry remains un-
broken at “quantum” and “classical” levels for the small
and large Lτ , respectively, consistent with the CMW the-
orem. We have obtained the thermal entropy in small Lτ
regime for small and large N , and have shown that the
large N values agree with the small Lτ results of the
large-N approximation.
Our results give a new insight on the phase diagram of
the CPN−1 model. Furthermore, since some of the con-
jectures we have discussed originate in four-dimensional
gauge theories, our results also would give significant im-
plications to four-dimensional gauge theories.
As a future avenue, our formalism can be extended
to the model with different geometries and/or bound-
ary conditions, such as the model on R × S1 with ZN
twisted boundary conditions, where ZN symmetry is ex-
act [60–62], and the model on a finite interval for which
the Casimir effect is extensively argued [40, 45–52]. For
the former, whether it undergoes a first-order phase tran-
sition or has adiabatic continuity of the vacuum struc-
ture [63] and whether fractional instantons have physical
consequences [10, 31, 64–73] in the model are questions
5attracting a great deal of attention in terms of the resur-
gence theory of the models [60, 61, 72–79].
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APPENDIX A: THERMAL ENTROPY OF A
FREE MASSIVE SCALAR FIELD
In this appendix, we calculate the thermal entropy of
a free massive scalar field
S =
∫
d2x (|∂µφ|2 +m2|φ|2). (9)
On a torus with periods (Lτ , Ls), this model can be re-
garded as a collection of infinitely many 2D harmonic
oscillators with frequencies ω2n =
(
2pin
Ls
)2
+ m2 at tem-
perature T = 1/Lτ , so that the partition function is given
by
Z =
∞∏
n=−∞
1
4 sinh2 Lτωn2
. (10)
The free energy density can be obtained from Z =
e−LτLsf as
f =
1
LτLs
∞∑
n=−∞
log 4 sinh2
Lτωn
2
+m2 − f0, (11)
where the last term denotes the counter term which can-
cels the UV divergence. In the infinite volume limit
Ls →∞, the summation over the Kaluza-Klein momen-
tum is replaced by the momentum integration
f =
1
Lτ
∫
dk
2pi
log 4 sinh2
Lτ
√
k2 +m2
2
− f0. (12)
The energy density can be calculated from this free en-
ergy as
 =
∂
∂Lτ
(Lτf) =
∫
dk
2pi
√
k2 +m2 coth
Lτ
2
√
k2 +m2 − f0,
(13)
From these expression, we find that the high temperature
(small Lτ ) behavior of the thermal entropy density in the
infinite volume limit takes the form
s = Lτ (− f) = 1
Lτ
[
2pi
3
+O(Lτm)
]
. (14)
It is notable that s is independent of the choice of the
counter term. Since the pressure in the infinite volume
limit can be written as
P = − ∂
∂Ls
(Lsf) = − f, (15)
the thermal entropy density can also be written as s =
Lτ (+ P ).
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